The thermodynamics of the Universe is re-studied by requiring its compatibility with the holographic-style gravitational equations which govern the dynamics of both the cosmological apparent horizon and the entire Universe. We start from the Lambda Cold Dark Matter (ΛCDM) cosmology of general relativity (GR) to establish a framework for the gravitational thermodynamics. The Clausius equation T A dS A = −A A ψ t for the isochoric process of an instantaneous apparent horizon indicates that, the Universe and its horizon entropies encode the Positive Out thermodynamic sign convention, which encourage us to adjust the traditional positive-heat-in Gibbs equation into the positive-heat-out version dE m = −T m dS m − P m dV. It turns out that the standard and the generalized second laws (GSLs) of nondecreasing entropies are always respected by the event-horizon system as long as the expanding Universe is dominated by nonexotic matter −1 ≤ w m ≤ 1, while for the apparent-horizon simple open system the two second laws hold if −1 ≤ w m < −1/3; also, the artificial local equilibrium assumption is abandoned in the GSL. All constraints regarding entropy evolution are expressed by the equation of state parameters, which show that from a thermodynamic perspective the phantom dark energy is less favored than the cosmological constant and the quintessence. Finally, the whole framework is extended from GR and ΛCDM to modified gravities with field equations R µν − Rg µν /2 = 8πG eff T (eff) µν . Furthermore, this paper also proposes a solution to the temperature confusion and argues that the Cai-Kim temperature is more suitable than Hayward-Kodama, and both temperatures are independent of the inner or outer trappedness of the cosmological apparent horizon.
I. INTRODUCTION
The thermodynamics of the Universe is quite an interesting problem and has attracted a lot of discussion. Pioneering work dates back to the investigations of cosmic entropy evolutions for the de Sitter Universe [1] which is spatially flat and dominated by a positive cosmological constant, while recent studies have covered both the first and second laws of thermodynamics for the Friedmann-Robertson-Walker (FRW) Universe with a generic spatial curvature.
Recent interest on the first law of thermodynamics for the Universe was initiated by Cai and Kim's derivation of the Friedmann equations from a thermodynamic approach [2] : this is actually a continuation of Jacobson's work to recover Einstein's equation from the equilibrium Clausius relation on local Rindler horizons [3] , and also a part of the effort to seek the connections between thermodynamics and gravity [4] following the discovery of black hole thermodynamics [5] . For general relativity (GR), Gauss-Bonnet and Lovelock gravities, Akbar and Cai reversed the formulation in [2] by rewriting the Friedmann equations into the heat balance equation and the unified first law of thermodynamics at the cosmological apparent horizon [6] . The method of [6] was soon generalized to other theories of gravity to construct the total energy differentials by Γ α βγ = Γ α βγ , R α βγδ = ∂ γ Γ α δβ − ∂ δ Γ α γβ · · · and R µν = R α µαν with the metric signature (−, + + +).
II. DYNAMICS OF THE COSMOLOGICAL APPARENT HORIZON

II.1. Apparent horizon and observable Universe
The FRW metric provides the most general description for the spatially homogeneous and isotropic Universe. In the (t, r, θ, ϕ) coordinates for an observer comoving with the cosmic Hubble flow, it has the line element (e.g. [25] ) 
where a(t) refers to the scale factor, which is a generic function of the comoving time to be specified by the gravitational field equations. The index k denotes the normalized spatial curvature, with k = {+1 , 0 , −1} corresponding to closed, flat and open Universes, respectively. h αβ ≔ diag[−1 , a(t) 2 1−kr 2 ] represents the transverse two-metric spanned by x α = (t, r), and Υ ≔ a(t) r stands for the astronomical circumference/areal radius. Note that the total derivative of Υ = Υ(t, r) yields
where H refers to the time-dependent Hubble parameter of cosmic spatial expansion, and H ≔ȧ a with the overdot denoting the derivative with respect to the comoving time t. Equation (2) recasts the line element Eq.(1) into the (t, Υ, θ, ϕ) coordinates as
Although the comoving transverse coordinates (t, r) for the FRW metric are easier to work with, we will switch to the more physical coordinates (t, Υ) whenever necessary. Based on Eq.(1), one can establish the following null tetrad adapted to the spherical symmetry and the null radial flow of the FRW spacetime,
or the tetrad below with the null vectors
for Eq.(3), and both tetrads have been adjusted to be compatible with the metric signature (−, + + +) (e.g. Appendix B in [26] ). By calculating the Newman-Penrose spin coefficients ρ NP ≔ −m µmν ∇ ν ℓ µ and µ NP ≔ m µ m ν ∇ ν n µ in either tetrad, the outward expansion rate θ (ℓ) = − ρ NP +ρ NP and the inward expansion θ (n) = µ NP +μ NP are respectively found to be
thus Eq.(10) can be rewritten into
Υ A = 4πG HΥ 
which manifest themselves as the dynamical equations of the apparent horizon. However, they have actually encoded the dynamics of spatial expansion for the entire Universe, so for this usage we will dub Eqs. (11) and (12) the "holographic" dynamical equations since they reflect the spirit of holography 1 .
Eq. (11) immediately implies that, for the late-time Universe dominated by dark energy ρ m = ρ Λ , the apparent horizon serves as the natural infrared cutoff for the holographic dark energy model [33] , in which the dark-energy density ρ (HG) Λ relies on the scale of the infrared cutoff Υ IR by ρ
IR /(8πG). Moreover, with the apparent-horizon area A A = 4πΥ 2 A , it follows from Eq.(11) that
so Eq.(12) can be further simplified intoΥ
With the help of Eqs. (11) and (14), for completeness the third member (the P m one) in Eq.(10) can be directly translated into
and we keep it this form without further manipulations for later usage in Sec. III.1.
Eq. (14) clearly shows that, for an expanding Universe (H > 0) the apparent-horizon radius Υ A can be either expanding, contracting or even static, depending on the domain of the EoS parameter w m . In the ΛCDM cosmology, ρ m could be decomposed into all possible components, ρ m = ρ
, and the same for P m . In principle there should be an EoS parameter w
m associated to each energy component. However, practically we can regard w m either as that of the absolutely dominating matter, or the weighted average of all relatively dominating components
with the weight coefficient given by α i = ρ 
The dominant energy condition [37] ρ m ≥ |P m | imposes the constraint −1 ≤ w m ≤ 1 for nonexotic matter. Here we retain the upper limit w m ≤ 1 but loosen the lower limit, allowing w m to cross the barrier w m = −1 into the exotic phantom domain w m < −1. The upper limit however is bracketed as (≤ 1) to indicate that it is a physical rather than mathematical constraint.
II.3. Induced metric of the apparent horizon
The FRW metric Eq.(3) reduces to become a three-dimensional hypersurface in the (t, θ, ϕ) coordinates at the apparent horizon Υ A = Υ A (t), and with Eq. (14) , the induced horizon metric turns out to be
Here the EoS parameter shows up in the coefficients of dt 2 , and indeed the spirit of geometrodynamics allows and encourages physical parameters to directly participate in the spacetime metric, just like the mass, electric charge and angular momentum parameters in the Kerr-Newmann solution. It is easily seen that the signature of the apparent horizon solely relies on the domain of w m regardless of an expanding (H > 0) or contracting (H < 0) Universe.
(1) For −1 < w m < 1/3, the apparent horizon Υ A has the signature (−, ++) and is timelike, which shares the signature of a quasilocal timelike membrane in black-hole physics [38] .
(2) For w m < −1 or 1/3 < w m (≤ 1), the signature is (+, ++) and thus Υ A is spacelike. This situation has the same signature with the quasilocal dynamical black-hole horizons [39] .
(3) For w m = −1 or w m = 1/3, the apparent horizon is a null surface with the signature (0, ++), so it coincides with the location of the cosmological event horizon Υ E ≔ a [25, 40] which by definition is a future-pointed null causal boundary, and it shares the signature of quasilocal isolated black-hole horizons [26] .
Note that these analogies between Υ A and the black-hole horizons are limited to the metric signature, while the behaviors of their {θ (ℓ) , θ (n) } and the horizon trappedness are entirely different. Among the two critical values, w m = −1 corresponds to the de Sitter Universe dominated by a positive cosmological constant (or vacuum energy) [1] , while w m = 1/3 refers to the highly relativistic limit of w m and the EoS of radiation, with the trace of the the stress-energy-momentum tensor g µν T (m) µν = (3w m − 1)ρ m vanishing at w m = 1/3. As will be shown later in Sec. IV, w m = 1/3 also serves as the "zero temperature divide" if the apparent-horizon temperature is measured by κ/2π in terms of the Hayward-Kodama surface gravity κ.
II.4. Relative evolution equations
One could easily observe from Eq. (14) that for the relative evolution rate of the apparent-horizon radiuṡ Υ A /Υ A , its ratio over that of the cosmic scale factorȧ/a = H synchronizes with the instantaneous value of the EoS parameter,Υ
where the big slash / simply denotes "be divided by". Equation (18) 
Eqs. (18) and (20) reveal the interesting fact that throughout the history of the Universe, the relative evolution rate of the energy densityρ m /ρ m is always proportional to that of the apparent-horizon radiusΥ A /Υ A :
In fact, integration of Eq.(21) yields ln ρ m ∝ −2 ln Υ A and thus ρ m ∝ Υ −2 A , which matches the holographic dynamical equation (11) with the proportionality constant identified as 3 8πG .
III. THERMODYNAMIC IMPLICATIONS OF THE HOLOGRAPHIC DYNAMICAL EQUATIONS
Having seen the dynamical aspects of Eqs. (11), (12) and (14), we will continue to investigate their thermodynamic implications.
III.1. Unified first law of thermodynamics
The mass M = ρ m V of cosmic fluid within a sphere of radius Υ, surface area A = 4πΥ 2 and volume V = 4 3 πΥ 3 , can be geometrically recovered from the spacetime metric and we will identify it as the total internal energy E. Adopting the Misner-Sharp mass/energy [41] 
and its equivalence with the physically defined mass E = M = ρ m V is guaranteed by Eq.(11). Equation (22) can also be reconstructed in the tetrad Eq.(4) or (5) from the Hawking energy [42] 
2π − ρ NP µ NP dA for twist-free spacetimes. Immediately, the total derivative or transverse gradient of E = E(t, r) is
where the relation adr = dΥ − HΥdt in Eq.(2) has been employed to rewrite Eq. (23) into Eq. (24), with the transverse coordinates from (t, r) to (t , Υ). According to the holographic dynamical equations (11), (12) and (15), the energy differentials Eqs. (23) and (24) can be rewritten into
Eqs. (25) and (26) can be formally compactified into
where ψ and W are respectively the energy supply covector
and the work density
Eq. (27) is exactly the unified first law of thermodynamics proposed by Hayward [43] , and one can see from the derivation process that it applies to a volume of arbitrary areal radius Υ, no matter
Moreover, ψ and W can respectively be traced back to the following scalar and covector invariants [43] of the matter tensor T
µν :
which are valid for all spherically symmetric spacetimes besides FRW, and have Eqs. (28), (29) and (30) as their concrete components with respect to the metric Eq.(1).
III.2. Clausius equation on the apparent horizon for an isochoric process
Having seen that the full set of holographic dynamical equations (11), (12) and (15) yield the unified first law dE = Aψ + WdV for an arbitrary region in the FRW Universe, we will focus on the volume enclosed by the apparent horizon Υ A . Firstly, Eq.(12) leads tȯ
and the left hand side can be manipulated intȯ
Applying the geometrically defined Hawking-Bekenstein entropy [5] , which is widely believed to validate for all horizons in GR (e.g. [14] ), to the apparent horizon
then employing the Cai-Kim ansatz [2] as the absolute temperature of the horizon,
thus T A dS A =Υ A /Gdt and Eq.(33) can be recast into
where ψ t is the t-component of the energy supply covector ψ = ψ t + ψ Υ = ψ α dx α in Eq. (29) . Equation (36) is actually the Clausius equation for (quasi)equilibrium thermodynamic processes. Unlike nonrelativistic thermodynamics in which δQ exclusively refers to the heat transfer (i.e. electromagnetic flow), the δQ in Eq. (36) is used in a mass-energy-equivalence sense and denotes the generic energy flow of all types:
The energy-balance equation (36) implies that the region Υ ≤ Υ A enveloped by the cosmological apparent horizon is thermodynamically an open system which exchanges both heat and matter (condensed components in the Hubble flow) with its surroundings/reservoir Υ ≥ Υ A . This is because Υ A is simply a visual boundary of radial light signals for the comoving observer, rather than a real barrier for the cosmic Hubble flow.
Comparing Eq. (36) with the unified first law Eq. (27) , one could find that Eq. (36) is just Eq.(27) with the two dΥ components removed and then evaluated at Υ A . Assuming that at an arbitrary moment t = t 0 the apparent horizon locates at Υ A0 ≔ Υ A (t = t 0 ), then during the infinitesimal time interval dt the horizon will move to Υ A0 +Υ A0 dt. Meanwhile, in the isochoric process (dΥ = 0) for the volume of constant radius Υ A0 (i.e. a "controlled volume"), the amount of energy across the horizon Υ ≡ Υ A0 during this dt is just dE = A A0 ψ t evaluated at t = t 0 , and for brevity we can directly drop the attendant subscript "0" since t 0 is arbitrary.
Finally, for the open system enveloped by the apparent horizon, we combine the Clausius equation (36) and the unified first law Eq.(27) into the total energy differential
In fact, by the continuity equation (19) one can verify that −T A dS A = V A dρ m , which agrees with the thermodynamic connotation that −T A dS A measures the loss of internal energy that can no longer be used to do work.
III.3. The minimum set of state functions and reversibility
Eqs. (34) and (35) clearly indicate that just like ordinary thermodynamics, the geometrically defined horizon temperature 2 T A and horizon entropy S A remain as state functions, which are independent of thermodynamic processes that indeed correspond to the details of cosmic expansionȧ(t) and radius evolutionΥ A . Some other state functions involved here include the apparent-horizon radius Υ A , the energy density ρ m (t), the pressure P m (t) and thus the EoS parameter w m = ρ m /P m . These state quantities are not totally independent as they are related with one another by the Friedmann equations (10), the holographic dynamical equation (11), and the thermodynamic relations in Secs. III.1 and III.2. Here we select the following quantities to comprise a minimum set of independent state functions for Secs. II and III:
Based on this set, the product of ρ m and w m yields the pressure P m . Through Eq. (13) ρ m recovers the horizon area A A and thus determines the entropy S A . Treating T A as an intensive property, we do not take the approach from Eq. (11) or Eq. (13) for the recovery ρ m → A A → Υ A → T A , and instead let T A enter the minimum set directly as the Cai-Kim temperature ansatz. The fact that Eq. (36) is the Clausius equation for (quasi)equilibrium or reversible thermodynamic processes without extra entropy production raises the question that, what does reversibility mean from the perspective of cosmic and apparent-horizon dynamics? From the explicit expression of the heat transfer δQ = T A dS A = A A 1 + w m ρ m HΥ A dt where the state quantity T A dS A is balanced by the process quantity δQ, we naturally identify H as a process quantity; moreover, if one reverses the initial and final states of T A dS A , the state quantities {ρ m (t) , w m , Υ A , A A } can be automatically reversed. Hence, by reversibility we mean an imaginary negation −H of the Hubble parameter that results in a spatial contraction process which directly evolves the Universe from a later state back to the earlier state of T A dS A without reversing the time arrow and causing energy dissipation. [44] suggests that since the energy-matter crossing the apparent horizon for the (accelerated) expanding Universe will not come back in the future, it should cause extra entropy production, and [44] further introduced the entropy flow vector and the entropy production density for it. In fact, the reversibility of T A dS A = δQ simply allows for such a possibility in principle, rather than the realistic occurrence of the reverse process, so we believe that the entropy-production treatment in [44] is inappropriate. As will be shown later in Sec. VI.3, irreversibility and entropy production is a common feature for such (minimally coupled) modified gravities with a nontrivial effective gravitational coupling strength (G eff constant) when their field equations are cast into the GR form R µν − Rg µν /2 = 8πG eff T (eff) µν , and the time evolution of G eff causes irreversible energy dissipation and constitutes the only source of entropy production.
III.4. Thermodynamic sign convention
Following Secs. III.1 and III.2, we will retrieve the thermodynamic sign convention encoded in the Clausius equation T A dS A = δQ = −A A ψ t , which will become a corner stone for studying the entropy evolution in Sec. V.
Firstly let's check whether the heat flow δQ and the isochoric energy differential dE take positive or negative values. δQ will be calculated by T A dS A , while dE is to be evaluated independently via A A ψ t = −A A 1 + w m ρ m HΥ A dt. Hence, in the isochoric process for an instantaneous apparent horizon Υ A0 ,
where Eqs. (13) and (14) 
Hence, based on the intuitive behaviors at the domain −1 < w m (≤ 1) for nonexotic matter, we set up the positive heat out thermodynamic sign convention for the right hand side of dE = −δQ. That is to say, heat evolved by the system takes positive values (δQ out = δQ > 0), while heat absorbed by the system takes negative values. Obviously, this setup is totally consistent with the situations of w m ≤ −1. Note that because of the counterintuitive behaviors under phantom dominance, one should not take it for granted without concerning the dependence on w m that, for a spatially expanding Universe the cosmic fluid were always to flow out of the isochoric volume V(Υ = Υ 0 ) with dE = V A0 dρ m < 0.
IV. SOLUTION TO THE HORIZON-TEMPERATURE CONFUSION
IV.1. The horizon-temperature confusion
In the thermodynamics of (quasi)stationary black holes [5] , the Hawking temperature satisfies T =κ/(2π) based on the traditional Killing surface gravityκ and the Killing generators of the horizon. For the FRW Universe, one has the Hayward-Kodama inaffinity parameter κ [43] in place of the Killing inaffinity, which yields the Hayward-Kodama surface gravity on the apparent horizon,
where 1). Then formally following the Hawking temperature, the Hayward-Kodama temperature of the apparent horizon Υ A is defined either by [7, 9] 
or [8, 10, [18] [19] [20] 23 , 24]
Note that we use the symbol (κ | to denote the partial absolute value of κ, because existing papers have a priori abandoned the possibility ofΥ A /(2HΥ A ) ≥ 1 for T
A . Equation (44) is always supplemented by the assumption [8, 10, 18-20, 23, 24] 
to guarantee a positive T
A which is required by the third law of thermodynamics, and even the condition [18] Υ A 2HΥ A << 1 (46) so that T
A can be approximated into the Cai-Kim temperature
Historically the inverse problem "from thermodynamics to gravitational equations for the Universe" [2] was formulated earlier, in which the Cai-Kim temperature works perfectly for all theories gravity. Later on, the problem "from gravitational equations to thermodynamics" for FRW [6] [7] [8] (as is studied in this paper) came into attention in which the Hayward-Kodama temperature seems to become effective. Considering that two different temperatures make the two mutually inverse problems asymmetric, attempts have been made to reduce the differences between them, mainly the assumptions Eq.(45) and (46) .
Note that when the conditions Eqs. (46) and (47) are applied to Eq.(43), T A would become a negative temperature. [7] has suggested that one can understand this phenomenon as a consequence of the cosmological apparent horizon being inner trapped [θ (ℓ) > 0, θ (n) = 0], as opposed to the positive temperatures of black-hole apparent horizons which are always marginally outer trapped [θ (ℓ) = 0, θ (n) < 0]. However, this proposal proves inappropriate; as will be shown in Sec. IV.3, the signs of T A actually keep pace with the metric signatures rather than the inner/outer trappedness [38, 46] of the horizon Υ A . 
IV.2. Effects of T A dS
Similarly, for the T (+)
A defined in Eq.(44),
Hence, for the two terms comprising T A and T (48) and (49) with the unified first law Eq. (27) leads to the total energy differential 
so it follows that
The Hayward-Kodama temperature T A in Eq. (43) and its partially absolute value T
A in Eq. (44) become
and thus, following the discussion in Sec. III.3, fortunately T A and T 
It is neither mathematically nor physically identical with w m ≪ 1/3 which could only be perfectly satisfied for w m → −∞ in the extreme phantom domain.
Based on Eqs.(51) -(55), an extensive comparison between the Hayward-Kodama temperatures {T A , T (+)
A } with the Cai-Kim ansatz T A = 1/(2πΥ A ) reveals the following facts.
(1) T A is negative definite for 1/3 < w m (≤ 1), positive definite for w m < 1/3, and T A ≡ 0 for w m = 1/3.
We will dub the special value w m = 1/3 as the Hayward-Kodama "zero temperature divide", which is inspired by the terminology "phantom divide" for w m = −1 in dark-energy physics [35] . Hence, T A does not respect the third law of thermodynamics. Moreover, one has T A = 0 at w m = 1/3 and thus T A dS A = 0; following Eq.(48), this can be verified by
(2) The condition w m < 1/3 for the validity of T
A is too restrictive and unnatural, because w m = 1/3 serves as the EoS of radiation and (1 ≥) w m > 1/3 represents all highly relativistic energy components. (4) The "highly relativistic limit" w m = 1/3 is more than the divide for negative, zero or positive HaywardKodama temperature T A ; it is also the exact divide for the induced metric of the apparent horizon to be spacelike, null or timelike, as discussed before in Sec. II.3. That is to say, the sign of the temperature synchronizes with the signature of the horizon metric. However, there are no such behaviors for analogies in black-hole physics: for example, a slowly-evolving quasilocal black-hole horizon [38, 47] can be either spacelike, null or timelike, but the horizon temperature is always positive definite regardless of the horizon signature.
(5) Unlike the Cai-Kim temperature T A , the Hayward-Kodama {T A , T
A } used for the problem "from gravitational equations to thermodynamic relations for the Universe" do not work for "from thermodynamic relations to gravitational equations". That is to say, {T A , T
(+)
A } break the symmetry between the formulations of these two mutually inverse problems. With these considerations, we adopt the Cai-Kim ansatz T A = 1/(2πΥ A ) for the temperature of the cosmological apparent horizon. T A is positive definite throughout the history of the Universe, it provides symmetric formulations of the conjugate problems "gravity to thermodynamics" and "thermodynamics to gravity", and as a thermodynamic state quantity of fundamental importance, it is much more elegant and concise to work with. Moreover, the Cai-Kim temperature makes it more practical to study the entropy evolution for the Universe, as will be shown in next section. This way, we believe that the temperature confusion is solved as the Cai-Kim ansatz is favored.
Furthermore, imagine a contracting Universe withȧ < 0 and H < 0, and one would have a marginally outer trapped apparent horizon with θ (ℓ) = 0 and θ (n) = 2H < 0 at Υ = Υ A . Hence, whether Υ = Υ A is outer or inner trapped only relies on the Hubble parameter to be positive or negative. In Sec. II.3 we have seen that the induced-metric signature of Υ A is independent of H, and neither will the Hayward-Kodama {T A , T (+) A }. Also, Eqs. (40) and (41) clearly show that, the equality −T A dS A = A A ψ t = dE t of the Cai-Kim T A validates for either H > 0 or H < 0. Hence, we further conclude that:
Neither the sign of the Hayward-Kodama nor the Cai-Kim temperature is related to the inner or outer trappedness of the cosmological apparent horizon.
V. THE (GENERALIZED) SECOND LAWS OF THERMODYNAMICS
Having studied the differential forms of the energy conservation and heat transfer, clarified the Positive Out convention and distinguished the temperature of causal boundaries, we will proceed to investigate the entropy evolution for the Universe. In existent papers, this problem is generally studied independently from the first laws, and the entropy S m of the cosmic energy-matter content (with temperature T m ) is always determined by the traditional Gibbs equation dE = T m d S m − P m dV (e.g. [14, 15] 
where S m is defined in the positive heat out convention favored by the Universe for consistency with the gravitational equations (11), (12) and (15) . This way, one can feel free and safe to superpose the matter entropy S m and the horizon entropy {S A , etc.}, and more pleasantly, and it turns out that this S m is very well behaved. For the energy E = M = ρ m V in an arbitrary volume V = 
where the continuity equation (19) has been used. Based on Eq. (58), we can analyze the entropy evolutionṠ m for the matter inside some special radii such as the apparent and event horizons. Note that these regions are generally open thermodynamic systems with the Hubble energy flow crossing the apparent and possibly the event horizons, so one should not a priori anticipateṠ m ≥ 0; instead, we will look for the circumstances wherė S m ≥ 0 conditionally holds.
V.1. The second law for the interior of the apparent horizon
For the matter inside the apparent horizon Υ = Υ A (t), Eq.(58) along with the holographic dynamical equations (13) and (14) yield
Apparently the second law of thermodynamicsṠ 
withä > 0 for w m < −1/3. Hence, within GR and the ΛCDM model, we have:
The physical entropy S 
V.2. The second law for the interior of the event horizon
For the cosmic fluid inside the future-pointed cosmological event horizon Υ E ≔ a ∞ t a −1 dt, which satisfieṡ
Eq.(58) leads to
Hence, we are happy to see that:
The physical entropy S The importance of this result can be best seen for a closed (k = 1) Universe, when the event horizon Υ E has a finite radius and bounds the entire spacetime. Then the physical entropy of the whole Universe is nondecreasing as long as the dominant energy condition holds −1 ≤ w m (≤ 1).
Note that with the traditional Gibbs equation dE m = T m d S m − P m dV (e.g. [14, 15] ) where S m is defined in the positive heat in convention, for the interior of the cosmological event horizon one would obtain
It would imply that˙ S m > 0 would never be realized unless the Universe were to evolve into an exotically phantom-dominated (w m < −1) stage during its long history. We believe that Eq.(62) provides a more reasonable description for the cosmic entropy evolution than Eq.(63), especially for the spatially closed and thus finite Universe, and we regard this result as a support to the adjusted Gibbs equation (57) .
V.3. GSL for the apparent-horizon system
Historically, to rescue the disastrous result of Eq.(63) in traditional studies, the generalized second law (GSL) for the thermodynamics of the Universe was developed, which adds up the geometric entropy of the cosmological causal boundaries (e.g. S A , S E ) to the physical entropy of the matter-energy content S m , aiming to make the total entropy nondecreasing under certain conditions. This idea is inspired by the GSL of black-hole thermodynamics [45] , for which Bekenstein postulated that the black-hole horizon entropy plus the external matter entropy never decrease (for a thermodynamic closed system).
Eqs. (58) and (62) clearly indicate that the second lawṠ m > 0 is well respected in our formulation, but for completeness we will still investigate the GSLs. For the simple open system consisting of the cosmological apparent horizon Υ A and its interior, Eqs. (34) and (59) yieldṡ
In existing papers it is generally assumed that the apparent horizon would be in thermal equilibrium with the matter content and thus T A = T m [16, 19? -22] , or T m = bT A (b = constant) [17, 18] . However, such assumption is too reluctant and unconvincing, so we directly move ahead from Eq. (64) 
V.4. GSL for the event-horizon system
Now consider the system made up of the cosmological event horizon and its interior. The event horizon Υ E still carries the Bekenstein-Hawking entropy S E = A E /4G which is valid for all causal boundaries in GR (e.g. [14] ), and we further assume a Cai-Kim temperature T E = 1/(2πΥ E ) to it. Thus, S E and Eq.(62) lead tȯ
The GSLṠ
(1 + w m )ρ m A E , and with {G, T E , T m } > 0 it yields
or equivalently
as Gρ m = 3 2A A
. We have to stop here for the lack of an exact expression for Υ E which relies on the concrete form of the scale factor a(t). Note that if the Universe is dominated by nonexotic matter −1 ≤ w m (≤ 1), then − 
where Υ H ≔ 1/H refers to the radius of the Hubble horizon [28, 40] , an auxiliary scale where the recession speed reaches that of light (c = 1 in our units) by Hubble's law. Eq.(70) is a satisfactory result because it is believed to hold for the expanding FRW Universe of any spatial curvature [40] . We will end this section by some interesting comparisons. Although the apparent horizon Υ A is more compatible with the unified first law and the Clausius equation, the second law is better respected by the cosmic fluid inside the event horizon Υ E . For both horizons Υ A and Υ E , the second law is better formulated than the GSL. Moreover, from the standpoint of the second laws and the GSLs, the phantom (w m < −1) dark energy is definitely less favored than the cosmological constant (w m = −1) and the quintessence (−1 ≤ w m < −1/3).
VI. GRAVITATIONAL THERMODYNAMICS IN ORDINARY MODIFIED GRAVITIES
For the ΛCDM Universe within GR, the holographic dynamical equations (11), (12) and (14) and their thermodynamic implications have been extensively discussed. In this section, we will extend this whole framework of "gravitational thermodynamics" to modified and alternative theories of relativistic gravity [48, 49] .
To date, many modified theories have been developed, such as f (R) [50] , quadratic [52] , f (R, G) generalized Gauss-Bonnet [51] , dynamical Chern-Simons [53] , Brans-Dicke [54] and scalar-tensor-chameleon [23] gravities; for a quickest overview of these theories along with their detailed thermodynamic connotations, we refer the readers to [56] where a unified formulation has been developed to derive the holographic dynamical equations of the Universe in modified gravities from (non)equilibrium thermodynamics. In the spirit of reconstruction of the effective dark energy [55] , the field equations of these gravities can all be recast into a compact GR form:
where all terms beyond GR have been packed into T (MG) µν and G eff . Here T (MG) µν collects the modified-gravity nonlinear and higher-order effects, while G eff denotes the effective gravitational coupling strength which can be directly recognized from the coefficient of the matter tensor T (m) µν ; for example [56] , we have
Chern-Simons and G eff = G/φ for Brans-Dicke gravities. Moreover, assume an effective perfectfluid content for the total effective stress-energy-momentum tensor T
where w eff ≔ P eff /ρ eff refers to the effective EoS parameter, ρ eff = ρ m + ρ (MG) and P eff = P m + P (MG) .
Modified gravities aim to explain the accelerated cosmic expansion without dark-energy components, so in this section we will assume the physical matter to respect the null, weak, strong and dominant energy conditions [37] , which yield ρ m > 0 and −1/3 ≤ w m ≤ 1. This way, the quintessence (−1 < w m < −1/3), cosmological constant (w m = −1) and most exotic phantom (w m < −1) are ruled out.
VI.1. Holographic dynamical equations in modified gravities
Substituting the FRW metric Eq.(1) and the effective cosmic fluid Eq.(72) into the field equation (71), one could obtain the modified Friedmann equations
where h eff ≔ 1 + w eff ρ eff denotes the effective enthalpy density. Given the apparent-horizon radius Υ A and its kinematic time-derivativeΥ A in Eqs. (7) and (8), the first and second Friedmann equations can be rewritten into
Eq.(74) further implies A A ρ eff = 3 2G eff , which simplifies Eq.(75) intȯ
To facilitate the derivations in the next subsection, we also translate the third member in Eq.(73) into
Eqs.(74) -(77) constitute the full set of holographic gravitational equations for the apparent-horizon dynamics and the Universe spatial expansion in modified gravities.
VI.2. Unified first law of nonequilibrium thermodynamics
Following our previous work [56] , to geometrically reconstruct the effective total internal energy E eff , one just needs to use G eff to replace Newton's constant G in the standard Misner-Sharp or Hawking mass in Sec. III.1, which yields
The total derivative of E eff = E eff (t, r) along with the holographic dynamical equations (74), (75) and (77) yield
By the replacement adr = dΥ − HΥdt, Eqs.(79) and (80) can be recast into the (t, Υ) transverse coordinates as
Both Eqs. (80) and (82) can be compactified into the thermodynamic equation
where W and ψ respectively refer to the effective work density and the effective energy supply covector, 
As will be shown in the next subsection, E contributes to the irreversible extra entropy production, so we regard Eq.(83) as the unified first law of nonequilibrium thermodynamics [56] , which is an extension of the equilibrium version Eq. (27) in GR. Moreover, it follows from the contracted Bianchi identities and Eq.(71) that
, and for the FRW metric Eq.(1) it leads tȯ
so E also shows up in the generalized continuity equation as a density dissipation effect.
VI.3. Nonequilibrium Clausius equation on the horizon
The holographic dynamical equation (75) can be slightly rearranged intoΥ
Apply the following replacement to the left hand side of Eq.(88)
whose validity is guaranteed by Eq.(74), and thus
Equation (90) can be compactified into the thermodynamic relation
where ψ t is just the t-component of the covector ψ in Eq.(85), E A is the energy dissipation term Eq.(86) evaluated at Υ A , and T A = 1 2πΥ A denotes the Cai-Kim temperature of the apparent horizon. Here S A refers to the geometrical Wald-Kodama entropy [57] associated to the dynamical apparent horizon,
VI.6. GSL for the event-horizon system
To study GSL for the event-horizon system, in addition to the physical entropy S (E) m and the Wald-Kodama entropy S E = πΥ 2 E /4G eff , one also needs to figure out the entropy production d p S (E) element within the event horizon Υ E . At first glance, the discussion in Sec. VI.3 seems only applicable to the apparent-horizon system, but Eqs. (89) and (90) 
WithΥ E = HΥ E − 1 and assume T E = 1/(2πΥ E ), the GSLṠ (E)
Considering that in modified gravities −1/3 ≤ w m ≤ 1, the right hand side of Eq.(104) is negative definite, so a sufficient condition to validate the GSL is
where Υ H ≔ 1/H denotes the radius of the Hubble horizon.
VII. CONCLUSIONS AND DISCUSSION
In this paper the thermodynamic implications of the holographic gravitational equations for the FRW Universe have been studied. We started from the ΛCDM model of GR to clearly build the whole framework of gravitational thermodynamics, and eventually extended it to modified gravities. A great advantage of our formulation is all constraints are expressed by the EoS parameters.
The holographic gravitational equations govern both the apparent-horizon dynamics and the cosmic spatial expansion. We have shown how they imply Hayward's unified first law of thermodynamics dE = Aψ + WdV and the isochoric-process Clausius equation T A dS A = δQ = −A A ψ t . Especially, the "positive heat out" sign convention for the heat transfer and the horizon entropy has been decoded.
The derivations of the Clausius equation in Sec. III.2 actually involves a long standing confusion regarding the setup of the apparent-horizon temperature, and extensive comparisons in Sec. IV have led to the argument that the Cai-Kim ansatz T A = 1/(2πΥ A ) is more appropriate than the Hayward-Kodama temperature T A = κ/2π and its partial absolute value T (+)
A . Meanwhile, we have also introduced the "zero temperature divide" w m = 1/3 for T A = κ/2π, and proved the signs of both temperatures are independent of the inner or outer trappedness of the apparent horizons.
With the horizon temperature and entropy clarified, the cosmic entropy evolution has been investigated. We have adjusted the traditional matter entropy and Gibbs equation into dE m = −T m dS m − P m dV A in accordance with the positive heat out convention of the horizon entropy. It turns out that the cosmic entropy is well behaved, specially for the event-horizon system, where both the second law and the GSL hold for nonexotic matter (−1 ≤ w m ≤ 1). Also, we have clarified that the regions {Υ ≤ Υ A , Υ ≤ Υ E } enveloped by the apparent and even horizons are simple open thermodynamic systems 4 so that one should not a priori expect the validity of nondecreasing entropy, and abandoned the local equilibrium assumptions restricting the interior and the boundary temperatures.
Finally we have generalized the whole formulations from the ΛCDM model to ordinary modified gravities whose field equations can be compactified into the GR form R µν − Rg µν /2 = 8πG eff T (eff) µν . To our particular interest, we found that inside the apparent horizon the second lawṠ m ≥ 0 nontrivially holds if w eff ≤ −1/3, while inside the event horizonṠ m ≥ 0 always validates regardless of the gravity theories in use.
There are still some interesting problems arising in this paper and yet unsolved. For example, is the apparent horizon Υ A the only hologram membrane for the FRW Universe? Can the elegant relative evolution equations (18) , (20) and (21) be used in astrophysical and cosmological simulations? Also, how would the cosmic entropy evolve in a contracting Universe? We hope to find out the answers in prospective studies.
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